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Abstract. We obtain a theory of stratified Sternberg spaces thereby exten- 
ding the theory of cotangent bundle reduction for free actions to the singular 
case where the action on the base manifold consists of only one orbit type. We 
find that the symplectic reduced spaces are stratified topological fiber bun- 
dles over the cotangent bundle of the orbit space. We also obtain a Poisson 
stratification of the Sternberg space. To construct the singular Poisson Stern- 
berg space we develop an appropriate theory of singular connections for proper 
group actions on a single orbit type manifold including a theory of holonomy 
extending the usual Ambrose-Singer theorem for principal bundles. 



1. Introduction 

In this paper we consider the problem of cotangent bundle reduction for a proper 
action of a Lie group on a manifold with the simplifying assumption that the base 
manifold on which the group acts consists of just one orbit type. This is a major 
simplifiying assumption to the more general problem where there are multiple orbit 
types on the base manifold. However, the resulting theory is already interesting 
and leads to a generalization of the theory of connections on a principal bundle. 
We will motivate the theory with a class of examples generated by homogeneous 
spaces where a group G acts on G/H and then on its cotangent bundle by the lifted 
action. Since this is a transitive action it is clear that there is just one orbit type. 
This example will appear later as a fundamental ingredient of the theory. 

After reviewing some preliminary results on cotangent bundle reduction in Sec- 
tion 2, we begin, in Section 3, with the transitive case of a base manifold that is 
a homogeneous space. We consider the quotient of T*(G/H) by the action of the 
group G. Using commuting reduction by stages, we show that this is a Poisson 
stratified space with strata determined by the coadjoint induced action of H on 
\)° . If we denote an element of the isotropy lattice for this action by (K), then the 
Poisson strata are given by t)° K ^/H. The Poisson bracket on each stratum is in- 
duced by the Lie-Poisson structure on g*. We also show that the symplectic leaves 
of each stratum are given by (C M n \j° K ^)/H. Notice that this result is the singular 
generalization of the Lie-Poisson structures and coadjoint orbits, in the sense that 
if the action is free, then H = e and Poisson and symplectic reduction produce 
the Lie-Poisson structure and the Kostant-Kirillov-Souriau (KKS) structure on the 
coadjoint orbits respectively. 

Significantly, this particular case of singular cotangent bundle reduction does not 
require a connection precisely because the action on the base manifold is transitive 
so every tangent vector on the G-principal bundle G/H — > {•} is vertical and 
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therefore every nonzero covector has nonzero momentum, i.e. the splitting of the 
cotangent bundle into zero momentum and nonzero momentum covectors is trivial. 

Next we consider the non-transitive case. We need to first split the tangent 
bundle of the base manifold M into vertical and horizontal distributions. This can 
be done with a G-invariant metric, guaranteed by the properness of the action. The 
next step, undertaken in Section 4, is to associate a connection to this splitting. 
At first glance this can't be done in the usual way since a surjective mapping from 
the tangent space at any point to the Lie algebra will have kernel with dimension 
equal to the codimension of the algebra. On the other hand, the horizontal spaces 
have codimension equal to dimg — dimg m where Q m is the nontrivial stabilizer 
algebra at the point to. The resolution is to form a vector bundle v — > M, thanks 
to the properness of the action, whose fibers are isomorphic to g/gm and define 
a connection, which we call a singular connection, as a surjective bundle map 
covering the identity from TM to v. This leads to an invariant splitting of the 
tangent bundle. 

With this in place we study the orbit type stratification of TM and prove, in 
Theorem [3j that the isotropy lattice is determined by the action of H on g/t) 
where f) is the stabilizer algebra at some point to G M. Relative to the splitting 
induced from the connection, we explicitly determine the stratification of TM and 
its quotient (TM)/G and we also write down a stratified version of the Atiyah 
sequence for a principal bundle. 

In 4.3 we introduce the curvature of the singular connection. Since the singular 
connection is an Ehresmann connection, we can use the curvature theory for an 
Ehresmann connection rather than attempt to define an exterior derivative of a 
bundle map. Using this as a starting point, we are able to prove, in Proposition 
that the curvature is a G-equivariant bundle map A 2 TM — > v that takes values in 
the stratum of v that contains the zero section. 

In addition, in Theorem [5] we prove an Ambrose-Singer theorem for the singular 
connection which demonstrates that the holonomy group at a point to G M is 
contained as a subgroup in N(H)/H where H is the stabilizer of m. Along the way 
to doing this, we obtain a one-to-one correspondence between singular connections 
onM^ M/G and principal connections on the bundle Mjj — > Mjj/(N(H)/H). 
This concludes our study of the geometry of the singular connection. 

In Section 5, we apply the singular connection to the construction of a con- 
nection dependent realization of the symplectic structure on the reduced spaces 
J~ 1 (C)/G, where O G g* is a chosen coadjoint orbit contained in the image of 
the momentum map J : T*M — > g* associated to the cotangent lifted action of 
G (given by (J(a m ),£) = (a m , £m{™)))- The construction follows the one for the 
Sternberg space when the action is free [TQl E] • This is the content of Theorem [7j 
which shows that the singular reduced Sternberg space is a bundle over T*(M/G) 
whose symplectic fibers are (C M n t)° K ^)/H which are shown, in Section 3, to be the 
symplectic leaves of the Poisson strata of l)° /H. 

Finally, in Section 6 we compute the full Poisson stratification of (T*M)/G in 
the Sternberg representation. The strata of (T*M)/G are determined by the H- 
isotropy lattice of f)° . We show in Theorem |8] that, using the singular connection, 
we can realize each stratum as a bundle over T*(M/G) with fibers isomorphic to 
the Poisson strata in the homogeneous Lie-Poisson problem, that is \)° K ^/H . The 
Poisson bracket obtained on this space and it generalizes the gauge Poisson bracket 
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in the free theory [6j [7]. The bracket consists of a canonical term associated to 
the canonical symplectic structure on T* (M /G) , a coupling term that involves the 
reduced curvature of the singular connection and a term involving the homogeneous 
Lie-Poisson structure on the fibers {fi K JH. 

The theory developed for the problem with a single orbit type will play an 
important role in the solution to the general problem of singular cotangent bundle 
reduction for base manifolds admitting multiple orbit type which is the subject of 
a forthcoming paper [5]. 

Finally we remark that a related approach to the problem studied in this paper 
carried out in [4], following the alternative realization of (T*M)/G due to Weinstein 
[TT] in the free case. 

Acknowledgements. M. Perlmutter wishes to acknowledge the generous support 
of the Bernoulli Center where part of the research for this paper was completed. 

2. Background and preliminaries 

2.1. Proper actions with single orbit type. Let M be a single orbit type 
manifold with respect to the proper action of the Lie group G. Thus M = M^ H ) 
(where Mm) '■= { m € M : G m — gHg^ 1 for some g G G}) for some compact 
subgroup H C G. It is well known (see [3]) that the orbit space Mm)/G is then a 
smooth manifold. One way to see this is to consider the smooth submanifold Mh 
of M consisting of the points in M with stabilizer precisely equal to H. It is easy 
to see that the subgroup N(H), the normalizer group of H in G, acts on Mh and 
that every orbit in M intersects Mh on an N(H) orbit. Furthermore, the quotient 
group N(H)/H acts freely on Mh and generates the same orbit space. Therefore 
we have 

M {H )/G~M H /(N(H)/H) 

and the right hand side is the base space of the principal N(H) /H- bundle, Mh — > 
Mh/{N{H)/H). We will see that the subgroup N(H) plays a crucial role in the 
geometry of connections that we are going to define. 

2.2. The Sternberg space for a free action. Here we recall an important real- 
ization of the Poisson reduced space (T*Q)/G obtainable once a principal connec- 
tion A on the principal bundle tt : Q — > Q/G is fixed. (To distinguish the free case 
from the singular one, we denote the manifold on which G acts freely by Q instead 
of M). The connection allows us to realize the reduced space as a g* fiber bundle 
over the reduced cotangent bundle T*(Q/G). Detailed proofs of the results in this 
section are found in [7]. 

The construction of the Sternberg space proceeds in two steps. First one pulls 
back the configuration space bundle 7r : Q — » Q/G by the cotangent bundle projec- 
tion tq/ g : T*(Q/G) — > Q/G to obtain the G-principal bundle 

Q - {(a [q] ,q) S T*(Q/G) X Q : [q] = n(q),q E Q} 

over T*(Q/G) with fiber over au diffcomorphic to 7r _1 ([g]). Recall that the en- 
action on Q is given by g ■ (ai q ],q) :— (a\ q i,g ■ q) for any g € G and (a[ q ],q) G Q. 
The diagram defining this pull back bundle and the associated maps is given by 
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Q 



Q 



T*{Q/G)- 



T Q/G 



Q/G 



where tt^ and f are the projections onto the first and second factors respectively. 
The following fact about Q will be often used in the sequel. 

Proposition 1. Q is also a vector bundle over Q isomorphic to the annihila- 
tor V{Q)° C T*Q of the vertical bundle V(Q) C TQ. The fibers of these vec- 
tor subbundles are given by V(Q) q :— keiTqir = {£q(<z) : £ G g} C T q Q and 
V(Q)° := {a q G T*Q : (a q ,$ Q (q)) = V( £ g} C T*Q for each q G Q. Conse- 
quently, Q is bundle isomorphic to J _1 (0). 

The second step is to form the coadjoint bundle of Q, that is, the associated 
vector bundle to the G-principal bundle 7r" : Q — > T*(Q/G) given by the coadjoint 
representation of Gon g*. The Sternberg space, denoted by S, is thus defined by 

S~Qx G5 *. 

Abusing notation we will denote the fiber projection 7r" : S — > T*(Q/G) with the 
same symbol as the quotient map 7r" : Q — > T*(Q/G). Using the connection A we 
then construct the bundle isomorphism to the Poisson reduced space (T*Q)/G as 
follows. 

Proposition 2. The map ip_A ■ Q x 0* —* T*Q given by 

PA (((*[q],q) ,m) == T*Tr(a [q] )+A(q)*fi 

is a G-equivariant vector bundle isomorphism overQ. It descends to a vector bundle 
isomorphism over Q/G 

$ A --S^ (T*Q)/G. 

The gauge Poisson bracket on S is the pull back by $.4 of the the natural reduced 
Poisson structure on [T*Q)/G. In order to study it we first introduce the necessary 
notions of horizontal lifts and covariant derivatives in the context needed for our 
purposes. First one constructs the horizontal lift on the G-bundle Q — > T*(Q/G) 
endowed with the connection form A := f*A. Given a curve a\ q ](t) in T*(Q/G), 
one has qh(t), the horizontal lift at q of the curve [q](t) = tq/g relative to 
A. Then the curve (aj g j (t), qh{t)) lies in Q, is horizontal (relative to A) and covers 
ct[ q ](t). Denoting horizontal lift operators by hor, it follows that 

Hw-t) = K[,]>hor ? (T aiq] T Q/G (v a[q] ))) G T {a[q]iq) Q. 

Now, S is an associated bundle to Q, therefore, for s — [(a[ q ] , q), /j], 



hor a (u a[l] ) =T ((aWi , )i „ ) p(hor (aWi , ) w aw ,o) eT s S, 
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where p : Q x g* — > S is the orbit projection. Finally, for / G C°°(S) and s G S 
define d5/(«) G T; Hs) T*(Q/G) by 

(2-1) d|/(a) (« aw ) := d/(s) (hor s (y a J) . 

Denote the curvature of the connection A by Curv.4. The reduced curvature 
form is a bundle map from A 2 (T(Q/G)) to the adjoint bundle, g := Q x G g. Recall 
that the adjoint bundle g is defined as the quotient g := (Q x g)/G relative to the 
diagonal left G-action g ■ (?,£) := (g ■ g,Ad g £) on Q x g, where g G G, q G Q, 
(eg, and Ad 9 is the adjoint representation of G on g. The adjoint bundle is a 
Lie algebra bundle with base Q/G, that is, each fiber has a Lie algebra bracket 
depending smoothly on the base. The reduced curvature is then defined by 

(2.2) B([q\){u [q] ,v [q] ) = [q,Gurv A (uq,v q )], 

where u q ,v q G T q Q are arbitrary vectors satisfying T q ir(u q ) = u\ q ], T q ir(v q ) = Vi q ] 
respectively and [q,£] G § denotes the G-class through 

The (reduced) gauge Poisson bracket is then given by the following result. 

Theorem 1. Let s = [(a\ q u q), [a] G S and v — [q,/j] G g*. The Poisson bracket of 
f,g G C oc (S) is given by 

{f,g} s (s) = n Q/G (a [q] ) (d^/( S )«,d^( S )») 

'Sf Sg] 

Ss ' Ss 



vJ(a [q] )(d s A f(s)«,d s A g(s)*))-U 



t=0 



where Qq/g * s ^ e canonical symplectic form on T*(Q/G), B G fl 2 (T*(Q/G); g) is 
t/ie Q-valued two-form on T*(Q/G) given by 

B = r* Q/G B, 

with B G f2 2 (Q/G,g) denned m (|2~2]l . | : T*{T*(Q/G)) T(T*(Q/G)) is the 
vector bundle isomorphism induced by Qq/q, and Sf /5s G S* = Q x G Q is the 
usual fiber derivative of f at the point s G S, that is, 

5f \ . = d_ 

' Ss / ' dt 

for any s' := [(a [?] , q),v)] G S. 

2.3. Minimal coupling forms. The symplectic leaves of the Sternberg space are 
given by the submanifolds in S of the form Q XqO, where O C g* is the coadjoint 
orbit through //. To describe the symplectic forms on these spaces we need to recall 
the minimal coupling form due to Sternberg [10] which is a functorial construction 
of a prcsymplectic manifold associated to a principal bundle with a connection and 
a Hamiltonian G-space. 

Let a : Z — » B be a left principal G-bundle over the symplectic manifold (B, f2), 
C G i7 1 (Z;g) a connection one-form on Z, (F,ui) a Hamiltonian G-space with 
equi variant momentum map <j) : F — > g*, and denote by Hz : Z x F — > Z and 
Hf : Z x F — > F the two projections. 

It can be shown that the closed two-form d (H F (f),Tl z £) + Hpui descends to a 
closed two form lo c G il 2 (Z x G F), that is, lo c is characterized by the relation 

p*u c = d (U F (f>, U* Z C) + IL F u, 

where p: ZxF^Zx G F is the projection to the orbit space. 
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Now denote by of '■ Z xqF — > B the associated fiber bundle projection given by 
<jf([z, /]) := cr(z). Then a* F Vl is also a closed two-form on Z F and one gets the 
minimal coupling presymplectic form u> + a F £l. In general, this presymplectic 
form is degenerate, but in the crucial case below it is in fact a reduced symplectic 
form. 

2.4. Symplectic leaves of the Sternberg Space. Let us apply the previous 
construction to the situation Z = Q, B = T*Q, fi = Qq/q — ~ &®q/g (the 
canonical symplectic form on the cotangent bundle T*(Q/G)), a — 7r" : (at q ],q) 6 
Q i — ► ar g i e T*Q, and L = A as in the previous paragraph. Choose also (F, u>) = 
(0,ujq), where ujq- is the (-) KKS form on O and <j) — Jo ■ O — > g* given by 
Jo(m) = ~ A* f° r an y A 1 G C its associated G-equivariant momentum map for the 
coadjoint representation. 

Then 7^ : Q x G O — > T*(Q/G) is given by, 7r"([(a[ g ] , g), /Lt]) = ay. Denote the 

two form uj^ in this situation by ujq and hence it is uniquely characterized by the 
relation 

(2.3) p*Q a = d(ll J ,II*qA)+T1 uj . 

The minimal coupling form in this situation is 

(2-4) u&n := * + (n*yn Q/G . 

We then have the following theorem that says that the minimal coupling form 
coincides with the reduced symplectic form on the leaves of the Sternberg spaces. 

Theorem 2. The symplectic leaves of the Sternberg space (S, {, }s) are given by 
(Q XcO,w^ in ) where O is a coadjoint orbit of g* . The minimal coupling two-form 
u>® in is the reduced symplectic form on the leaf obtained by orbit reduction, i.e. w^ in 
given in equation (|2.4[) is the unique two-form on Q Xp O that satisfies 

P W min = L U ~ J U Oi 

where £1 = <P*aU1q and lq is the inclusion of Q x O into Q x q* . 

3. Homogeneous Lie-Poisson Structures 

In this section we consider our most important example of a single orbit type 
manifold, a homogeneous space. Here we compute the reduced spaces and their 
stratifications "by hand" . We will later see that the reduced symplectic and Poisson 
stratified structures on homogeneous spaces appear as the symplectic and Poisson 
fibers of the Sternberg spaces developed in Sections 5 and 6. 

Let g* be equipped with the (— ) Lie-Poisson structure {•, -}~ and consider the 
algebra of smooth if-invariant functions in g* , C H (g*). Since the Lie-Poisson 
bracket is ii-invariant, (C H (g*), {•, -}~) is a Poisson algebra. Consider also the 
action of H on t)° induced by the coadjoint action. Denote by (K) an element of 
the isotropy lattice for this action. We then have the following, 

Lemma 1. The Hamiltonian vector fields of functions in C H (g*) leave invariant 
f)° and its orbit types K K \- 
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Proof. Let / G C h (q*). Then its Hamiltonian vector field evaluated at /j G f)° is 
ad* / \x. Let A G f). Then 

(ad|//x, A) = (-ad^, y£) = -d/(/i) • (ad*^) = 0, 

since / is -ff-invariant. Thus ad*//i G \)° = , so f)° is left invariant by the 

Hamiltonian flow of /. Since this flow is necessarily iJ-equi variant, each of its 
orbits consists of points with the same isotropy, so the orbit types of f)° are also 
preserved. □ 

By the previous lemma and Lemma 2 of [2], the H- invariant functions vanish- 
ing on t)° and rj°^ are Poisson ideals of C h (q*), denoted by and I(i)° K ^) 
respectively. Hence C H (t)°) = C H (q*) / ) is a reduced Poisson algebra and 
C H '(f)(jn) — C H i8*)/I(fy°K)) a reduced Poisson subalgebra. Since the algebra of 
smooth functions of E)° /H as a singular reduced space is defined precisely as C H (f)°), 
we have that there is a reduced Poisson bracket on C°° / H) given by 

/„ n r „ ,r „ / \8F 8G 

(3.1) {/jfl}(M) = _^ | ^_ | _ 

where [fi] G f) /F, /, S e C°°(\)°/H) = C H (t)°) and F, G are smooth ff-invariant 
extensions to C H (g*) of / and g respectively. Then, in view of Lemma [TJ and since 
for any orbit type \)°^ K ^/H is smooth, this reduced Poisson algebra restricts to a 
reduced smooth Poisson structure on the smooth stratum t)? K s/H of fj° /H, making 
it a Poisson manifold. 

In the case of a G- homogeneous space M we can identify M = G/H where H is 
a compact isotropy group and we take the quotient to be for the right action of H 
on G. Then G acts on the left on G/H according to g ■ [g 1 ] = [gg'\- It is clear that 
the stabilizer group of the point [g] is then glig~ Y and therefore M — M/m. 

We next consider the problem of singular symplectic reduction for the cotangent 
lifted action G x T*{G/H) -> T*(G/H). The bulk of this paper is devoted to 
obtaining gauge realizations of the singular reduced Poisson and symplectic spaces 
for more general single orbit type base manifolds. We will see that this particular 
example of a homogeneous space will appear and play a role analogous to that of 
a coadjoint orbit in the free case. In this sense the symplectic reduction of the 
homogeneous space is precisely the correct generalization in the singular setting 
of a coadjoint orbit in the regular case which, recall, is obtained by the regular 
symplectic reduction for the action G x T*G — > T*G, which is the cotangent lift of 
the left translation of G on itself. 

We can carry out the reduction using the technique of commuting reduction by 
stages (see for example [5]). We consider the left action of G x H on T*G which is 
the cotangent lift of the action on G given by 

(g,h)-g' = gg'h- x . 

It is then clear that the restricted actions of the two subgroups of G x H, G, 
and H commute. While the total action is not free, the restricted actions are 
free actions. Consider reduction at the momentum value (fJ.,0) G g* x f)*. We 
first reduce by the iJ-action at zero momentum to obtain T*(G/H), equipped 
with the canonical symplectic form, by the regular cotangent bundle reduction 
theorem at zero momentum (see [T]). The remaining action is then given by G x 
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T*(G/H) — > T*(G/H) precisely as in the starting point for the original singular 
reduction problem. 

We next reverse the order of reduction which we are allowed to do by the singular 
commuting reduction theorem ([9]). Reducing at /i G g* the left G-action on T*G 
we obtain O, the coadjoint orbit through /i, with the usual (— ) KKS symplectic 
form. We then consider the action H x O — > O. As this action is the restriction 
of the coadjoint action of G on O it is a Hamiltonian action with momentum map 
given by Jh(p') = — G f)* where t : (j Q is the canonical inclusion and 
p! G O. From this expression it follows that 

j H 1 (o) = om } °. 

We know by the Sjamaar-Lerman theory [9] of symplectic stratifications that the 
symplectic quotient 3~^~(0)/H is a stratified topological space with symplectic 
strata given by (J^ 1 (0) ^)) I H with (K) < (H) where the K are the stabilizer 
subgroups determined from the action H x \)° — > \)° (which is just the coadjoint 
action restricted to the subgroup H) and (K) < (K 1 ) means that any representative 
in the conjugacy class (K) is conjugate to a subgroup of a representative in (K'). 
Therefore we obtain that the symplectic reduced spaces, for each n G g*, for the 
action of G on T*(G/H) have symplectic strata given by 

(Ont)° {K) )/H (K)<(H). 

Notice that if /i is such that O, the coadjoint orbit containing fj,, satisfies O R 
t)° = then J _1 (/i) = where J denotes the momentum map for the action 
G x T*{G/H) — > T*(G/H). In other words the image of this momentum map takes 
values /i that satisfy O PI t)° ^ 0. 

Remark 1. The symplectic structure on the strata, (O R l)° K ^)/H is given by the 
quotient of the restriction of the symplectic form of the coadjoint orbit. Therefore, 
denoting this structure by u>(k) one has the following formula 

(3.2) K*K)U{K) = l>*K) U 

where tt (k) : Ont)° {K) -> (O nt)° {K) ) / H , i (K) : OnW K) O and uj q is the (-) KKS 
symplectic structure on O. From our construction it follows that these symplectic 
strata are also the symplectic leaves of l)° K ^/H for the smooth Poisson structure 
induced by the Poisson structure (|3.1[) in f)° /H. We will refer to the structures 
defined by (|3.ip and (|3 . 2|) by homogeneous Lie-Poisson bracket and homogeneous 
KKS form, repectively. 

4. Singular Connections 

We wish to extend the concept of a principal connection to the setting of a 
single orbit type manifold. In the rest of the paper we will have M — M/m, 
Let G X M — » M be a proper action. Then each m G M has isotropy group 
G m conjugate to H in G with Lie algebra g m . We first need to generalize the 
target space for a connection in this singular setting as we no longer have a fixed 
Lie algebra, but rather a family of spaces fl/gm for each m G M onto which the 
connection must project. 

We denote by m :— UmeM 0™- Because we assume the action is proper, we can 
prove that this space is a vector bundle as follows. 
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Proposition 3. The set m is a smooth vector bundle over M. We call it the 
stabilizer bundle over M. 

Proof. This is a simple application of the tube theorem. We must show that m is 
locally trivializable. Fix m £ M. Without loss of generality we can assume that 
G m = H. Let S m — T m (G ■ m) with respect to some G-invariant metric on M 
(available by the properness of the action). Then S m is then a linear slice for the 
G-action at m and exp m is an if-equivariant diffeomorphism from an open ball B 
containing the origin in S m to an //-invariant submanifold transverse to G • m at 
m. We have that <p ■ G x H B — > U given by 

4>{\9M) =5-exp m w. 

is a G-equivariant local diffeomorphism onto a G-invariant neighborhood of the 
orbit G • m. Note that (p([e, 0]) = x. Choose now a iJ-invariant Riemannian metric 
on G and split g = T e G as fl = f) © t. Then 6 := f)- 1 is a slice at the identity for the 
free //-action on G, and therefore we can use again the tube theorem to construct 
a local //-diffeomorphism H x O — > G onto a neighborhood of H in G. Here O is 
a sufficiently small open ball around in 6. This diffeomorphism is explicitly given 
by (h, fc) t— * h ■ exp e fc, where exp e is the associated Riemannian exponential on G, 
for which O lies inside its domain of injectivity. This diffeomorphism drops to a 
diffeomorphism (H x 0)j H = O -> O' C Gj H where O' is a neighborhood in G/H 
containing [e] . We can therefore identify each element [g] of O' with exp e k for a 
unique k G O. Shrink O 1 if necessary so that it becomes a trivializing neighborhood 
for the associated bundle G x # B over O' and call the induced trivial bundle chart 
^ : O' x B — > U C M. This map is given by ^(exp e k,v) = exp e k ■ exp m u. 
Thus U C M is a (not invariant) neighborhood of x. Finally, we can construct a 
trivialization of m over U, as follows: / : U x f) — > rap is given by 

/(exp e fc • exp m s, := (exp e fc • exp m s, Ad eX p e feO- 

□ 

Next, we form the bundle that will play the role of the Lie algebra in the standard 
theory of connections on principal bundles. The fibers of this bundle, over each 
point in M, should be isomorphic to the tangent space of the group orbit at that 
point. The natural candidate for this fiber, over m £ M is simply g/g m . Consider 
the trivial bundle over M, M x g. We then have the following injective inclusion 
of vector bundles over M covering the identity on the base 

m M x q. 

Definition 1. Let v be the quotient bundle defined by, 

M x g 

v := . 

m 

Note that the fiber over m £ M is simply 

v m = 9/9m- 

We then have the following properties of the vector bundle v. 

Proposition 4. The vector bundle v satisfies: 

(1) v \m h = Mr x q/\), i.e. the restriction of v to the constant stabilizer man- 
ifold Mh is a trivial bundle. 
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(2) There is a smooth action of the group G on v which is linear on the fibers 
and covers the G-action on M . This action is defined by 

(4.1) g-[£\ m = [Ad g £\ g . m . 

(3) With respect to this action, v is a saturated vector bundle, i.e. 

v = G ■ v\ Mh - 

Proof. For (1), because the isotropy algebra for any point m £ Mh is just f), the 
stabilizer bundle m restricted to Mh is the trivial bundle, tnlMtr = x ^ an d 
therefore 

v\m h = — i = m h x g/f). 

For (2), it is clear that if equation (|4.ip is well defined, then it is an action. To see 
that it is well defined, choose another representative £' of the class [£] m , so that 
£' = £ + A where A G g m . Then Ad g £' = Ad g £ + Ad g A. But, Ad g A G g g . m and 
therefore [Ad g £'] g . m — [Ad g £] g . m as required. To prove (3), it is clear that since 
M = G ■ Mh, any point m! G M can be written as ml — g ■ m for some m G Mh 
and therefore since g m < = Ad g t) it follows that g ■ v m — v m * . □ 



Remark 2. When the action is free, t) = and therefore the stabilizer bundle m is 

G 



so that v = M x g and therefore its quotient v /G is the adjoint bundle g = Mxfl 



We next define the main object of this section, a singular connection for single 
orbit type manifolds. 

Definition 2. A singular connection A for the single orbit type manifold M is a 
smooth surjective vector bundle map A : TM — > v, covering the identity, with the 
properties: 

(i) A is G-equivariant: A(g ■ v m ) — g ■ A(v rn ) for any v m G TM . 

(ii) For all £ G g, A(( M (m)) = [£] m . 

Consequently for each m G M, ker^l(TO) is a complement to g • m ~ v m in T m M 
and together forms a G-invariant subbundle H(M) of TM. Such connections always 
exist with our assumptions of a proper action, since it is well known (see [3j) that, 
assuming the action is proper, there exists a G-invariant Ricmannian metric on M. 
Using this metric, we can simply declare the horizontal space at a point m G M to 
be H m := (g ■ m)- 1 . It is clear that these spaces form a subbundle of TM invariant 
under the G-action, and satisfy TM = H(M) © V(M) ~ H(M) © v. 

4.1. Stratification of TM. In this section we use the singular connection to de- 
termine the orbit type stratification for the tangent lifted action G x TM — ► TM. 
We will obtain an analogous result when we dualize the action for the cotangent 
bundle. In studying the strata of the tangent lifted action we can use the connec- 
tion to reduce the problem to studying the strata for the G-action on v. We obtain 
the following result. 

Theorem 3. The isotropy lattice for the action of G on TM is in one-to-one 
correspondence with the lattice determined by the Ad-induced action 

# X0/f)^0/f). 



ON SINGULAR POISSON STERNBERG SPACES 



11 



Let A be a singular connection on M . Then we have a connection dependent G- 
equivariant diffeomorphism ipA : TM — » H{M) x v such that, for each (K) < (H) 
in the previous isotropy lattice it restricts to an equivariant diffeomorphism 

l PA\(TM) m ■ {TM) {K) -v H(M) x V(k), 

where H(M) is the horizontal subbundle in TM determined by Ker„4 and (K) refers 
to the conjugacy class of K in G. 

Since A is G- equivariant, then A : TM — > v is a stratified morphism respecting 
the orbit type strata ofTM and v. Also, v^ K ^/G is a smooth fiber bundle over M/G 
with typical fiber isomorphic to (g/f))(^)/_ff . Finally, (TM)/G has the structure of 
a stratified vector bundle over M/G with smooth strata {TM)^x)/G isomorphic to 

T(M/G) x v (K) /G. 

Proof. First notice that the connection establishes a G-cquivariant bundle isomor- 
phism <pA ■ TM — > H{M) (B v given by v m i— > (Hor v m , A(v m )) where Hor is the 
projection onto H(M) given by Horu m = v m — (A(v m )) m (to) . The inverse of this 
map is then simply (v m , [£] m ) <— > v m + £m( to ) which is clearly well defined. Next, 
observe that each of these bundles is a saturated bundle over Mh- That is, we have 

TM = G ■ TM\ Mh ~ G ■ (H(M)\ Mh © v\ Mh ) 

since G acts on TM by tangent lifts and the base action satisfies G ■ Mh = M. 
Because of these saturations, it is enough to study the strata of the fiber over some 
m G Mh since the strata over any other fiber will be g-translations. So, we first 
fix m € Mh and consider the diagonal ZZ-action on H(M) m © v m . Notice that 
H(M) m is isomorphic to a linear slice for the G-action on M at the point m. Since 
M is a single orbit type manifold the iJ-action on the linear slice can only have 
one orbit type, and therefore the entire space must be fixed by H since H fixes 
0. Therefore, since the ff-action is diagonal, we have reduced the study of the 
stratification of TM to the study of the strata of the ^/-action on v m . Recall that 
v\m h = Mh xg/f) and the action is given by, from equation (|4.1[) , h ■ [£] = [Ad/j£] 
since H fixes the base point. It follows that if we denote by (K), ((K) < (H)), the 
elements of the isotropy lattice for the action H X q/\) — > g/t), then this lattice is in 
one-to-one correspondence with the isotropy lattice for the G-action on H(M) v. 
Furthermore, since ip^ '■ TM — ► H(M) v is a G-equivariant bundle isomorphism, 
the isotropy lattice for the G-action on TM is identical to that of H(M) © u and 
ip.A restricts to a smooth isomorphism, 

(TM) (K) ~H(M) x v {K) . 

From this isomorphism, it is now clear that the map A : TM — > v is a stratified 
morphism mapping each orbit type stratum (TM)rjc) onto the orbit type stratum 
V(k) and covering the identity map on the base. 

Denote the quotient map for the G-action on M by it : M M/G. Of course 
M/G is a smooth manifold since M is a single orbit type manifold, and is in fact 
diffeomorphic to the orbit space for the free and proper action of N(H)/H on Mh- 
Consider the restriction of the G-action to the subbundle H(M). The quotient by 
this action is a manifold since H(M) has just one orbit type. Furthermore, the quo- 
tient is a bundle over M/G since the action covers the action of G on M. The fiber 
of this bundle over a point [m] G M/G with m G M H is H m (M)/H ~ T m H(M) 
since the ii-action fixes every point in H m (M) (by the argument given earlier). 
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Therefore, the isomorphism T m 7r : H m (M) —* Tt m ](M/G) (since Ker T m 7r ~ i/ m ) 
induces a bundle isomorphism H(M)/G ~ T(M/G). Similarly the bundle V(k) 1S 
a single orbit type space and its quotient is then a smooth manifold which is also a 
fiber bundle over M/G. The fiber of this bundle over a point [to] G M/G such that 
to G Mh is just the quotient by the if-action on (v^ K ^) m which is {q/\))(k)I H . 

Next, since the G-action on the direct product bundle H(M) x V(k) is diagonal, 
the product bundle has fixed orbit type which is (K) and the quotient is therefore 
a manifold. Furthermore, since the action is by lifts, this quotient is a bundle over 
M/G and its fiber over a point [to] G M/G with m G Mh is given by the quotient 
of the if-action on the fiber H m (M) x m vir)- Since H acts diagonally and fixes 
H m (M), the quotient is just H m (M) x m (q/\)) {k) /H ~ T [m] (M/G) x m (y {K) /G) m . 
It follows that the quotient, (H(M) x V(k))/G is isomorphic to the direct product 
bundle over M/G given by T(M/G) x v {K) /G. 

□ 

4.2. Singular Atiyah Sequence. It is useful to describe a singular version of the 
standard Atiyah sequence for a principal bundle. In this singular case, i.e. of a 
single orbit type manifold, the analogous sequence is no longer a sequence of vector 
bundles over the quotient space, but rather a sequence of stratified vector bundles 
and each arrow corresponds to a stratified morphism. The singular connection 
establishes a splitting of the sequence of vector bundles over M, 

(4.2) 0^y->TM^ H(M) © v ir*T(M/G) -> 

where n*T(M/G) is the pull back bundle of M —> M/G with respect to the 
tangent projection t m /g ■ T(M/G) -> M/G. That is, 

n*T(M/G) = {(m,v [m] ) : tt(to) = T M/G (v [m] )} , 

and pr(w m ) = (to, T m ii(v m )). Notice that tt*T(M/G) is a fiber bundle over M with 
fiber over to G M, Tr m i(M/G), and a fiber bundle over T(M/G) with fiber over 
ur m i, the orbit G • to where 7t(to) = TM/G( v [m])- Furthermore ir*T(M/G) carries 
a proper G-action given by g ■ (m, ur m ]) = (,g • to, U[ m i). It is easy to see that this 
space has only a single orbit type, (H), identical to the one for the action of G on 
M. Now, as in the regular case, the singular connection A determines an injective 
horizontal lift map for each to G M, hor m : Tr m i(M/G) — * T m M which takes values 
in H{M) m . Consequently there is an injective bundle map w*T(M/G) — > TM 
which takes values in H(M) and establishes a G-equivariant isomorphism of bundles 
tt*T(M/G) ~ H(M) given by (m,«r TO i) i— > hor m (ur m i). Notice that the splitting of 
the sequence is identical for all the strata and this fact depends crucially on the 
property that the stratification of TM is along the vertical part of the Whitney 
sum in (14. 2|l . the bundle v. Each stratified sequence, with smooth morphisms is 
just 

-» v (K) -» (TM) W ^ H(M) x V(K) -» n*T(M/G) -» 0. 

Following the construction in the regular case, we consider the quotient of the 
stratified sequence (|4.2p to obtain a stratified split Atiyah sequence, 

— > v/G — > (TM)/G ~ T(M/G) x -> T(M/G) -> 

with smooth strata and morphisms given by 

-> i/ (Jf) /G -» {TM) {K) /G ~ T(M/G) x i/ (K) /G -» T(M/ G) -» 
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4.3. Curvature. Recall that the usual theory of curvature begins with the defini- 
tion of the covariant differential of a connection 

DA(u,v) := dA(Roru,Roiv) 

often denoted B = DA and subsequent proof that this is a tensor, and that it 
verifies the identity 

B(X,Y) = —A([KorX, HorF]) 

for vector fields X and Y. This last identity gives the curvature the interpretation 
as the measure of non-integrability of the horizontal distribution of the connection 
A. In our case the singular connection is a bundle map from TM to v. Rather 
than define a covariant differential for this object, we make the following definition 
of its curvature form. In Remark [3] we take an alternative approach of defining 
the covariant differential by realizing the singular connection as an Ehresmann 
connection. 

Definition 3. The curvature of A : TM — > v is defined to be 
(4.3) B{u m , v m ) := -A ([HorX, HorY"]) (to). 

where X is a vector field extending u m and Y is a vector field extending v m . Recall 
that Hor : TM — » H(M) is the projection relative to the singular connection. 

Proposition 5. The curvature B given in the previous definition is well defined. 
Also, B is a G-equivariant bundle map B : A 2 TM — > v and it takes values in the 
stratum of v containing the zero section, Vfm- Furthermore, B uniquely determines 
a reduced curvature form B : f\ 2 T{M / G) — > ftm/G which is a bundle map covering 
the identity in M/G. 

Proof. We demonstrate that equation (|4.3|) uniquely determines a well defined v- 
valued 2-form on M by showing that it is tensorial, i.e. that B(fX, Y) = fB(X, Y). 
Recall that [fX, Y] = f[X, Y] - Y(f)X so that 

B{fX,Y) = -^([/HorX,HorY]) 

= -A (/[HorX, HorY] - HorF(/)HorX) 
= -M([HorX,HorY]) = fB(X,Y), 

as required. 

Denote by (p^ the diffeomorphism on M corresponding to the group element 
h G G. To check G-equivariance of B, given X and Y vector fields extending 
G T m M, note that [<p*_xX){g ■ m) — T m (p g (X(m)) = g ■ u m and similarly 
for tp* )Y. Therefore, 

(cp*B)(u m ,v m ) = B(g -u m ,g- v m ) = -^.([Hor(^*-iZ),Hor(^*-iF)](c/ • m)) 

= -^(((^*-i[HorX,Horr])(.g ■ m)) = -A(g ■ ([HorX,HorY](m))) 
= -g ■ ,A([HorX, HorY] (to)) = g ■ B(u m ,v m ), 

as required. This equivariance has the following consequence for the values of the 
curvature form. Let m G Mh and u m ,v m G T m M. Recall that since the manifold 
consists of a single orbit type, the iJ-action fixes H(M) m . Furthermore, since 

u m = Hor(u m ) + {A{u m )) M {m) = Hor(u m ) + Ver(u m ), 
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we have h ■ u m — Hor(u m ) + h ■ Ver(u m ). Now let X extend u m . Then the vector 
field X = HorX + <^_iVerX extends h ■ u m since 

X(h ■ m) = HorX(/i • m) + (^_ 1 VerX)(/i • m) 
= HorX(m) + h • VcrX(m) 
= h ■ HorX(m) + h ■ VciX(m) 
= h ■ (HorJf (m) + VerX(m)) = h ■ u m . 

Following a similar construction for v m extended by Y, and a comparable defi- 
nition of Y, we have 

B(h-u m ,h-v m ) = -A([HoTX,RovY}(h-m)) 

= -A([RorX,RorY}(m)) 

= B(u m ,v m ). 

On the other hand, by G-equivariance of B, we have, 

B(h ■ u m , h-v m ) = h- B(u m , v m ), 

so that we are forced to conclude that for every h G H, B(u mi v m ) — h ■ B(u m , v m ) 
and therefore the curvature takes values in the f/- fixed set of v m = g/f), which is 
the fiber over m of the stratum of v containing m , that is, V(k)- 

For the reduced curvature form, let U[ m ],«[ m ] G 7] m ](M/G). We define 

B(u [m] ,v [m] ) := [B(u m ,v m )], 

where T m ir(u m ) — U[ m ], T m ir(v m ) ~ V[ m ] and [B(u m ,v m )] denotes the element of 
U (H)/G determined by B(u m , v m ) G V(h)- An easy calculation using G-equivariance 
of B shows that this is well defined. □ 

Remark 3. Alternatively, we can approach the covariant derivative of the con- 
nection by realizing that a singular connection is equivalent to an Ehresmann con- 
nection as follows. An Ehresmann connection is simply a choice of horizontal dis- 
tribution complementary to the vertical distribution that is G-invariant. Given a 
singular connection A, one defines an Ehresmann connection T G fi 1 (M; V(M)) (a 
V{M)-valued one form on M , where V{M) is the vertical distribution) by r(w m ) = 
[cr] m o A{v m ) where [a] : v — > V is the bundle isomorphism induced by the action 
a : q —* TM. Conversely, given an Ehresmann connection T one induces the singu- 
lar connection by A(v m ) = o T(v m ). Now, recall that for X G CI (M; V(M)), 
a V(M)-valued k-form on M, the definition of the covariant derivative of X, DX G 
n k+1 (M; V(M)) is 

k 

DX(X , ...,X k ): = ^(-m^, A(X hOT , V, X^)V° r 

i=0 

(4.4) + (-l) i+J 'A([X, hOT , X?"],X$*, V, Y, X^) 

0<i<j<k 

where X , . ■ . , Xk are vector fields on M, and X hoT and X vcr is the horizontal and 
vertical projection of X . 

We can then alternatively define 



(4.5) 



DA := [a] o DT 
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for T — [a] o A which is consistent with equation (|4.3p since, using equation ()4.4|) . 
cwcv r (X,Y) := DT{X,Y) = -T([X ho \ Y hm }) which satisfies B = [a] ocurvr where 
B is the curvature of the singular connection A as defined in equation (|4.3p . Finally 
we remark that using definition (|4.5|) the Bianchi identity for B follows immediately 
since Dcurvr = implies DB = 0. 

4.4. A holonomy theorem. Our first result concerns the lowest dimensional stra- 
tum of the Ad-induced if -action on g/f). As the next lemma shows, this stratum 
turns out to be the Lie algebra of the group N(H)/H which is precisely the group 
that acts freely on the submanifold Mjj- We will then establish a bundle reduction 
theorem that will enable us to prove the Ambrose-Singer theorem for singular con- 
nections: that the Lie algebra of the holonomy group for a singular connection is 
given by the image of the curvature of the connection. By Lcmma^l this holonomy 
group is then contained in the group N(H)/H. 

Lemma 2. The stratum containing £ g/f) corresponding to the stabilizer group 
H, i.e. the lowest dimensional stratum for the H -induced stratification, is the Lie 
algebra of the group N(H)/H . 

Proof. By definition (g/i))(H) — (fl/f)) the fixed set by the linear ff-action. Let 
us denote this action by h ■ [£]. We then have h ■ [£] = [Ad/j£] and therefore 

(B/I|)(fl) = {[£] G fl/b : [Ad h £] = [£] for all h G H] 
= {[£] G g/f) : Ad,, £ - £ G f) for all h G H}. 

Next, we prove that the set {(eg: Ad/i£ — £ G f) for all h G if} is in fact 
Lie(A(ff)). First suppose £ G Lie(A(7f)). Then we have exp(t£)ftexp(-t£) G if 
for all t and therefore ft -1 exp(i£)ft exp(— i£) G if for all t which is a curve passing 
through e at t = 0. Therefore we have 

ftT 1 exp(t£)ft exp(-i£) = Ad h -i £ - £ G f), 

t=o 

as required. Conversely, suppose (eg satisfies 

(4.6) Ad fe £ - £ G f) for all ft G if . 

We need to show that exp(t£)ftexp(— i£) G if for all t. Notice that, differentiating 
equation (|4.6p at e in the direction n G f), we have [77, £] G f). Now, because exp 
intertwines the Ad action with the AD action (the action by inner automorphisms 
of G on itself) we have 

/iexp(fj£)ft _1 exp(-t£) = (AD ft exp(i£)) exp(-i£) = exp(i Ad h £) exp(-t£). 

We compute this last expression using the Baker-Campbell-Hausdorff formula as 
follows: exp(i Ad ft £) exp(-*£) = exp(i[Ad h £ - £ + C(< 2 )]), where C(t 2 ) is a con- 
vergent series in g each term of which is a composition of brackets containing a 
bracket of Ad h £ or £ with [Ad, £, £]. However, [Ad, £, £] = [Ad, £-£,£] G f) so if 
we take a bracket of [Ad, £,£] with £, we again get an element in t). For the other 
type of term, involving a bracket of Ad, £ with [Ad, £, £], we have just seen that 
[Ad,£,£] G f). But, if rf e f), 

[Ad, £, 7?'] = [Ad, £-£ + £, r/] = [77, 7/] + [£, rf] G f) 
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since 77 = AcU £ — £ € f) by (|4.6[) . It follows that C(t 2 ) £ F) and therefore 
h exp(i£)/i~ 1 exp(— i£) 6 iJ". Multiplying on the left by h~ x we conclude that 
exp(t£)/i exp(— t£) £ H a.s required. 

□ 

The next theorem addresses bundle reduction to a principal bundle for single 
orbit type manifolds and establishes a one-to-one correspondence with singular 
connections and principal bundle connections of the reduced bundle. 

Theorem 4. Consider the following commutative diagram. 



M, 



H 



M 



M H /(N(H)/H) M H /{N{H)) M/G 

Then ttn(h) '■ Mjj — > Mjj /N(H) is a bundle reduction of 7r : M — > M/G and 
7r' : Mjj -> M H /(N(H)/H) is a principal bundle reduction of M H -> M H /N(H). 

There is a one-to-one correspondence between principal bundle connections on 
Mjj — » Mjj/(N(H)/H) and singular connections on M. Furthermore, the curva- 
ture form for the singular connection restricted to Mjj is equal to the curvature 
form of the principal connection. 

Proof. As we have already remarked, every G-orbit in M intersects Mjj in a 
unique A(if)-orbit. Therefore for to G Mjj, ^N(H)( m ) — 7r ( t ( TO ))j an d then 
M/G ~ Mjj/N(H). Furthermore, since H fixes every point of Mjj, the free ac- 
tion of N(H)/H on Mjj has the same orbits as the action of N(H) on Mjj and 
therefore the bundle Mjj — * Mjj/(N(H)/H) is a principal bundle reduction of 
Mjj — * Mjj/N(H). To set up the one-to-one correspondence of connections, we 
start with a connection on the principal bundle ir' : Mjj — » Mjj / (N (H) / H) . De- 
note this connection by T consisting of horizontal spaces Q m for each to € Mjj and 
its connection form by a; : TMjj — > n/f). We show how to induce from this data 
a connection on M — ► M/G where the connection data will consist of a horizontal 
distribution invariant with respect to the group action. Given ml £ M we have 
m' = g • to for some to € M# and g € G. Denoting as before the action of G on M 
by and by slight abuse of notation, denoting the restricted action of N(H) on 
Mjj also by ip, take 

(4.7) H m > := T m (p g o T m t,(Q m ). 

To check it is well defined, take another realization, to/ = g\ ■ toi where TOi £ M#. 
Then, g-m — g\ - mi so that g^ x g-m = toi and therefore /i := 1 g S N(H). Now, 
by the A(i/)-invariance of the connection on Mjj we know that Q mi = T m ifh • <5 m 
and of course for h 6 N(H), lo ip h — ip h o 1. Therefore, 

T mi fgi T mi i(Q mi ) = T mi <p gi o T h . m L o T m (p h (Q m ) = T m ip gih o T m i(Q m ) = T m (p g o T m i(Q m ), 

proving that equation ()4.7|) is well defined. We next establish that these horizontal 
spaces are complementary to the vertical spaces in M — > M/G. For any to' e M, 



ON SINGULAR POISSON STERNBERG SPACES 



17 



represented by m! = g-m for m G Mh, we have the following commutative diagram, 

T m tf> g oT m c 



T I 7T 



T«, {m) {M H /{N{H)/H)^^T n{ml) {M/G). 

Since T m 7r' : Q m — > T w it m \{Mjj/(N(H)/H)) is an isomorphism and the diagram 
commutes, we must have that T m <7r : i? m ' — > T^^ m i^(M /G) is also an isomorphism, 
proving that _ff m / is a complement to kerT m <7r, so that the all the H m spaces 
define a smooth distribution H(M) transversal to the G-action on M. By (14. 7|) 
this distribution is G-invariant. Therefore it defines a singular connection on M 
with corresponding connection form A : TM — ► i/, from the isomorphism TM ~ 
if (M) © i>, given by 

= V{v) 

where V : TM — > v is the projection induced from the splitting. 

Conversely, starting with a singular connection A : TM — > f we induce a prin- 
cipal connection on M# — > Mh/(N(H)/H). As before, let -ff m := Ker^4(m). For 
to G Mjy, in fact _ff m C T m Mn. To see this, recall that M = G ■ Mh so that, 
for m G My it follows that T m M = T m Mji + • to. We refine this by taking an 
arbitrary complement, r, of n := Lie(N(H)) in g so that g = n © r. Now, since 
Cm (to) G T m Mn if and only if £ G n, we have T m M = T m Mn © r • m. On the other 
hand, since T m M — H m ffi g • to it follows that H m C T m Mu. In fact we get the 
finer splitting T m M = H m ffi n • to ffi r • m with T m Mu — H m ffi n • m. Finally notice 
that since the distribution defined by the spaces H m is G-invariant, then it is also 
-ZV(_ff)-invariant so that we can define the horizontal spaces on TMh by Q m = H m 
for m G Mh- 

To describe the corresponding induced connection form, notice that i* A : TMh — * 
i*v where i*v is the pull back bundle of v with respect to the map i : Mh —> M, 
which is just the restriction of the bundle v to the base Mjj- By Proposition IU 
this bundle is simply Mh X g/f). However l*A only takes values in Mh xn/l) since 
Cm (to) G T m Mn if and only if £ G n. Clearly i* A is onto Mh X n/f) and induces a 
map w : TMh — * n/f). This map is (iV(i?)/iJ)-equivariant and it is easy to check 
that Ker a; (to) = Q m , so that u) is the corresponding principal connection form of 
the induced connection. 

For the curvature correspondence, let £1 be the n/f)-valued curvature form of u> 
on Mh- Let B be the curvature of A as defined in Definition [31 For m G Mh, 
given u m ,v m G T rn M, let u m := Hor u m , and u m := Hor v rn . Using the definition 
of B (|4.3|) . let X and Y be arbitrary extensions of u m , v m chosen to be tangent to 
Mh- In fact we can construct these vector fields by first projecting u m , v m to the 
quotient M/G and then taking arbitrary extensions in M/G ~ Mh / (N(H)/ H), 
denoted X,Y. Next, lift the vector fields horizontally with respect to the principal 
bundle it' : Mh — > Mji/(N(H)/H), and then extend them to the entire manifold 
by the G-action, which we can do since M is saturated by Mh- Since the G- 
action preserves the horizontal distribution, this will define globally two horizontal 
vector fields on M denoted by X and Y, extending u m and v m . Since they are 
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horizontal, and the horizontal distribution, restricted to Mh is contained in TMh, 
their restrictions to Mh are smooth vector fields on Mh- We then have 

B(u m ,v m ) = B(u m ,v m ) = -A([UorX,UorY])(m) 

= -wQHorJT, HorF])(m) = Q(m)(u m) v m ) 

where for the third equality, we use the fact that the Jacobi bracket of KorX and 
HorY in M evaluated at to G Mh coincides with their bracket as vector fields in 
Mh (evaluated at to) so that the third equality holds. The final equality is just a 
consequence of the usual curvature identity for principal bundles. □ 

Theorem 5 (Ambrose-Singer). The horizontal lift of a curve in the base space 
M/G through a point m G Mh lies entirely in Mh and the holonomy group through 
m, Tl(m), of the singular connection is contained in N(H)/H. The Lie algebra of 
the holonomy group through m is given by the image of the curvature of the singular 
connection at m. 

Proof. Given [m] — 7t(to) G M/G and a loop lit) in M/G through [m], consider 
m G Mh such that 7r(m) = [to]. From Proposition [4] , we can view the loop I as a 
loop in the base manifold Mh/{N(H)/H). Consider its horizontal lift, L(t) in the 
usual sense of principal bundles, through the point to G Mh- Since, by the proof of 
TheoremlH the horizontal spaces of the bundle Mh —> Mh /(N(H)/H) are mapped 
into horizontal spaces of M — > M/G, it follows that L(t) is a horizontal curve in M 
for the singular connection through the point m and projects to l(t) by construction. 
However, the horizontal lift of a curve in M/G to M , through a specified point to 
is unique. To prove this, one uses approximately the same argument as in the 
free case. Suppose L 2 (t) is another curve through to which projects to l(t). It 
follows that L 2 (t) = g(t)L(t) for some curve g(t) G G. This curve is not unique 
since the action is not free. However, -§t\ t=0 L2(t) — g(t)L(t) + g(t)L(t) by the 
Leibniz identity, and therefore, applying the connection to this expression one finds 
= -4( li\t=o L2 ^) = ^(■9( i ) i ( t )) since L (t) is horizontal. The only way y(t)L(t) 
can be horizontal is if it is zero and therefore g(t) must be a curve that lies for all 
time in the stabilizer of L(t) and therefore L 2 (t) = L(t) as required. 

Next, we show that the Lie algebra of the holonomy group TL{m) is the image of 
the curvature of the singular connection at m. Since the horizontal lift of a loop in 
M/G through to lies entirely in Mh, then TL(m) G N(H)/H. Now we can apply 
the standard holonomy theorem to the principal bundle Mh — > Mh /(N(H) / H) 
with the unique principal connection induced from the singular connection. The 
conclusion is that the Lie algebra of the holonomy group is given by the curvature 
of this induced principal connection at m. However, the curvature of B, evaluated 
at to coincides with the curvature of the induced principal connection. Since this 
can be done for any m the statement follows. □ 

5. Singular Sternberg 

The singular connection form A allows us to write down a G-equivariant diffeo- 
morphism, 

(5.1) (j) A : M x v* -> T*M 

which will play the fundamental role in establishing the connection dependent re- 
alization of the Poisson stratified space T*M/G. The mapping (|5.1|) is a fiber 
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product factorization of phase space into zero momentum and nonzero momentum 
fibers respectively. We call the quotient of the domain in (|5.ip . M Xqv* the singu- 
lar Sternberg space, as it generalizes the original representation due to Sternberg 
of (T*M)/G in the free category. Using <pA we will also determine the minimal 
coupling forms on the strata of the symplectic quotients. 

The construction of the Sternberg space reviewed in Section 2 generalizes to 
single orbit type manifolds as follows. We start by constructing the zero momentum 
space M by taking the pull back of M — ► M/G by the cotangent projection tm/g '■ 
T*{M/G) -> M/G so that we have 

M 1 *" M ■ 



T*(M/G)^+ M/G 



We then have 



Proposition 6. M is a fiber bundle over T*{M/G) whose fibers are the G-orbits 
of M . Furthermore, M is a G-space with single orbit type and as a bundle over M 
is bundle isomorphic to the zero momentum space, J _1 (0) ~ V(M)° where V(M)° 
is the annihilator of the vertical fibers in M — > M/G. Then, M naturally inherits 
a singular connection form given by A := f* A: TM — v v. 

Proof. By definition, M = {(ai m ],m) : 7r(m) = TM/G( a [m]) = [ m ]}, and therefore, 
for a [m] 6 Tj/ m] (M/G), (7r B ) _1 (a [TO ]) = {(a [m] ,m') : m! € G ■ m} ~ G ■ m where m 
is any representative of [m]. Similarly, the fibers of f satisfy r _1 (m) ~ TfJM/G). 

Notice that M inherits a G-action defined by g ■ (a[ m ],m) = {ct\ m ug ■ m), clearly 
well defined, smooth, and proper since the action of G on M is so. Furthermore, 
since G^ a ., m ^ — G m it follows that M is a single orbit type manifold with orbit 

type (H), the same as for M, and therefore the quotient of M by this action is a 
smooth manifold. By inspection this quotient is simply T*(M/G). Consider the 
map ip : M — > T*M given by (ar m i,m) i— > (T rr ,7r)*ar fn i. This map takes the fiber 
of M over m into T* t Al and takes values in V(M)° since ((T m 7r)*ar m i, Ciw( m )) = 
(oi\ m u T m w(^M ( m ))) — 0- Since the map ip restricted to f~ 1 (m) is injective (being 
the dual to the surjective map T m 7r : T m M — > Tr m i (M/G)), and since dim V(M)° — 
dimAf - dimG + dimff = dim (M/G) it follows that V'lf-i(m) : T* (M/G) -> 
V(M)m is an isomorphism and therefore ip : M — > V(M)° is a bundle isomorphism 
covering the identity on M. Finally, consider the map f*A : TM — ► ^. First notice 
that i/ is the correct target bundle for a singular connection on M since it is a single 
orbit type manifold with isotropy (H). Also, we have for each £ £ g, 

Equivariance follows from equivariance of the projection f and equivariance of A. 

□ 

Denote by M x v* the corresponding product bundle over M. We will use the 
following notation for bundle projections, tt u * : Mxv* — ► ^* and 7Tv> : M xv* ^ M. 
Note then, that tt'ott^ : M x ^* — > T* (M/G) which we abbreviate, below, as simply 
7r" to economize notation. 
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Remark 4. Recall that, by definition, the momentum map for the G-action on M 
is a map, J : T*M — ► g*. However, since the image of 3\t^m is 0° m — v'^, we 
can also regard J as a bundle map T*M — > v* over M . In the following we will 
sometimes implicitly use this point of view. 

Proposition 7. Associated to the singular connection A there is an equivariant 
bundle isomorphism, (j> A : M x v* — > T* M covering the identity on M given by 

4>A((a[ m ],m),iy m ) = {T m n)*a [m] + A*(m)v m . 

Furthermore, the pull back of the canonical one- form on T*M by cf) A is given by, 

(5.2) ^e M = (^)*e M/G + (jo^,^ 

where (•,•) indicates the natural pairing on the fibers of v* with the corresponding 
fibers on v, 

J o <j) A : M x v* — > v* 



is just the bundle projection so that ^ J o (f> A , A J is the one-form on M x v* given 
by 

(jo(l> A ,A) {v\) = (u m ,A{m)(T na(x) f{T x iTM{vx))) , 
with A = ((a[ m ],m),v m ). 

Proof. Equivariance of <f> A follows immediately from the equivariance of the singular 
connection A and the definition of the G-action on M x v* . 
Next, observe that for any £ € q we have 

(jo^((a [m] ,m),i/ m ),() = ((T m n)*a [m ] + A*{m)v m , £m(to)) = (z/ TO , [£]m) = (z/,£), 

where v G (flm)° and therefore J o (j) Al restricted to the fiber over m takes values 
in the fiber of v over m, and is surjective on this fiber since it is the dual of the 
injective map [£] m i— > ^M(m). Let v\ e T\(M x v*) with A = ((a[ m j , m), v m ). We 
have 



(<j> A Q M )(v\) = ®m(Tx4>a(v\)) 

= ((T m ir)*a [m] + A*{m)v m ,T 4>A{x) T M °T x 4>a{v\)) 

= (a[ m ],T x (TT ot m o<f> A )(v\)) + (iSm,A(m)(Tx(T M °<Pa)(vx)) 

= (^)*e M/G K) + (j o <p A , a) (v x ) 

using the facts that ir o tm 4>A = t m/g ° ^ an d t m ° 4>A — t ° n M m * ne third 
equality. □ 

In the next two theorems, we prove that the minimal coupling form due to 
Sternberg generalizes to the singular setting. Care must be taken to prove the 
generalization since we need to deal with a fiber product bundle, M x O and not 
just the product of manifolds as in the free case. The proof of the extension to the 
singular setting will make repeated use of the fact that the bundles over M, M and 
J _1 (0), are each G-saturated fiber bundles over Mh- 
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Theorem 6. Let O be a coadjoint orbit through a point in the image of J : 
T*M — ^ g* . The map cf>A restricts to an equivariant stratified bundle isomorphism, 
J _1 (0) — > M x O where M x O is the fiber product bundle over M, and O C v* 
is a sub-bundle with fiber over m 6 Mb given by O fl f)° . The orbit type strata of 
M x O are M x 0(k \ where K are the subgroups of H determined by the isotropy 
lattice for the action H x f)° — > f)° and (K) denote their conjugacy classes in G. 
Denote by lijc) '■ M x Otjc) c— * M x v* the inclusion. The restriction of the form 
'Pa^M' the pull back of the canonical symplectic form on T*M, to each stratum 
M x 0[k) * s given by 

(5-3) L* (K) 4>* A w M = {^)*uj m/g - d (j &m ,A) , 

where u)m/g * s the canonical symplectic form on T*(M/G) andJ^^ is the restric- 
tion of J o </)_4 to M x Oik) ■ Define the two form on M x O(k) 



(5.4) := {^Tum/g - d {J 6 , A) - J 



where u>m/g * s the canonical symplectic form on T* (M / G) , and ojq is the (+) orbit 
symplectic form on O. The two-form uj°^ k ^ satisfies the following: 

(i) It is basic, i.e. G -invariant and annihilates G -vertical vectors. 

(ii) It drops to a unique two-form oj^I^ on M x G O^k) ■ 

(iii) Denoting by tt(k) '■ M x Oi^) —>■ M xq ®(k) the orbit map, the reduced 
form cu®ll 1 K ' > on M xg <5(ic) (defined by ^(Vi^min^ = ^°'^ K ^) satisfies 



(5.5) l* (k) 4>* a ujm ~ J* t 



+ * 0,(K) 



Proof. First recall that M is a single orbit type manifold with orbit type (H) 
identical to that of M. By definition, O is the bundle over M whose fiber over m is 
i/^nO. ft is clear that (Jo0^) _1 (O) = M x O since the restriction of J°(f>A to each 
fiber is given simply by 7r„*. It follows that Jg^aun], m), v m ) = v m € Of]Q° n C O. 

On the other hand, the bundle O over M has the structure of a stratified fiber 
bundle which also trivializes over Mh- Restricted to Mh we have 

6\ Mh = M H x (O n f>°) 

and furthermore O — G ■ 0\m h since the fiber of O over the point g ■ m in M is 
just C M fl (Ad g f))° = C M (~l g ■ according to the definition of the G-action on v* . 

Equation (|5.3p follows by taking the restriction of equation (|5.2p of the previous 
Proposition[7]to the stratum M x and then taking the exterior derivative. For 
(i), note that <p A is G-equivariant, and u>m is G-invariant and therefore 4> a lum — 

{it^)*lum/g — d <^J oipA,A}j is G-invariant. It follows that the pulled back form, 
t° the G-manifold M x 0(k)i is also G-invariant. In fact, each term 
in <p A u>M is independently invariant. To check this, let A := ((a[ m i,m),i/ m ) 6 
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M x {K) , (so that v m 6 t)° (K) ), and v A € T\{M x O(k))- Then, 

'jo^i) (3'«a) = (i>0 • A), ^(5 • u A )^> = {g ■ v m ,A(g -T x (f o7r A ^)(u A ))} 

= (.g-^m,5-^( T A(T0 7T^)(w A ))) 



(l/ m ,^(T A (f 7T^)(W A ))} 



J O 1 



from which it follows that, by infinitesimal invariance, 

( 5 - 6 ) ° = L ^a (K) < J a w ^) = ^ xe<K) d ( J o w ^)+d^ ><aw (Ja w ^ 

where Ljf denotes the Lie derivative, and equation (|5.6p follows from Cartan's magic 
formula. Now, consider the form u ^^. The sum of the first two terms is simply 
L* K ^(j)^ui and each is G-invariant, and the first term, (it^)*ujm/g is basic. The third 
term of cj°>( k > is easily checked to also be G-invariant using equivariance of J(5 (Jf) 
and invariance of the orbit symplectic form oj^. Therefore G-invariant. 
To see that uP^ K ^ annihilates vertical vectors we must show that 

From equation (|5.6p we have 



0^0) = 0. 



d( J 



^ = d J ewKW, 



where is the section of v given by [£]i,(m) = [£] m £ g/g m - We have, 



MxO (if) 



((a [m] ,exp(t£) • m), Ad* xp( _ t £, v m ) 



and therefore, 



Ad 



t=o 



exp(-tf) v m 



adc V„ 



Furthermore, T\3q k applied to any tangent vector v\ G T A (M x O(jf)) must be 

of the form — ad* v m since the bundle 0(k) — G • (Mh x O D f)nn) trivializes and 
saturates over Mjj and therefore the most general curve passing through A has the 
form t 1 — ► ((a[ m j m(t)), where z/(i) = g(t) • v m for some curve g(i) G G 
through the identity. Therefore, 



d 
It 
d 
di 



g(t) ■ v„ 



t=o 



a,d v v n 



where rj := ^\ t=0 g{t)- Using this, we have 

^xa (K) ( J a m <4)K) = ( J a w w S)(^xd w ( A )^A) 

= ad* z/ m , - ad* i/ m ) 
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On the other hand, 

= (- ad* i/ m , £,) = (v m , [£, n}) 

so that equation (15. 7|) is satisfied. Consequently, w '^) drops to a unique form 
^min on M x G Oi K \, and this form satisfies equation (|5.5|) since it is the unique 
orbit reduced form by construction. □ 

Remark 5. The above theorem generalizes the minimal coupling constructions for 
the regular case given in Section 2 as follows. The form {^)*lum/g ~ d i^o (K) 1 A) 
is the singular generalization of uJq given in equation (|2.3[) . The form w^ i '^ R "' 1 is 



the singular generalization of the minimal coupling form 0J® in in equation (|2.4 



We then have the following result on the reduced symplectic form W™:'^ deter- 
mined on each M Xq O(k) coupling the canonical symplectic structure with the 
homenegous Kostant-Kirillov form on the orbit fibers via the reduced curvature B 
of the singular connection. 

The involved mappings are summarized in the following diagram 



M x (K) 



M ■ 



M 



T*(M/G) 



M x g O (k) 



We will proceed as before to write 7T = 7r" 



T M/G 



M/G. 



in order to economize notation. 



Theorem 7. The reduced minimal coupling form u). 



o,(K) 



on M Xr< O 



expressed in terms of the reduced curvature, B, of A as follows. 



(K) 



be 



0,(K) 



(TM/G VP)*!!) +CO(K) 



where p : MxqO :— > T*(M/G) is the submersion given by p([(ci!r m ], m), u m ]) = ar m i 

and $([(o![ m ],m),z/ m ]) := [m,i/ m ] G 

T/ie two-form 0J{k) * s equivalent at each point to the homogeneous reduced sym- 
plectic form defined in (|3 . 2[) . 



Proof. First, we observe that, as in the free case, using the connection A we can 
induce from the two-form J*- uii, on M x O(k), a form u>ik\ on the quotient 

space M Xg O^k) ■ To construct this form, we need to first obtain a splitting of the 
tangent bundle of M x G Or K y Note that the vertical fibers of p are given by 

p- 1 ^) ~ (Op n i>° iK) )/H 

where G m = H . These fibers carry a symplectic structure as we have determined 
in (|3.2p . The tangent spaces to these fibers determine the vertical subbundle V 
of T(M x G (K) ): for each [A] = [(a [m] ,m),v m ] £ M x G G( K ), V[\] ■= kerT [A] p. 
The connection, A, determines a complement as follows. Given a vector v a ., £ 
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T a[m] T*{M/G) tangent to some curve a[ m ](t), denote the projected curve to M/G 
by [m](f) := T M / G oa[ m ](t). Then, letting m(t) denote the horizontal lift of to 
M through the point m notice that, by construction, the curve (ar m ] (i), rn(t)) £ M 
and, furthermore, the curve is not contained in the G-orbit through (ar m i,m). Fi- 
nally the tangent vector to the curve ((owi (t), m(t)), v m ) £ M x O through A, 
(u(ot m] ,m)) 0)) i s n °t contained in the kernel of T[\\P and therefore we have con- 
structed an injective map $[ A j : T p ^T*(M/G) — > T^(M x G O). The image of 
5>r A i then has dimension complementary to ker 2~[ A if>. Now ranging over [A], this 
defines the horizontal distribution H in T{M XgO) with i?m := Im<f>m. We then 
have a projection Pr A i onto the vertical space Vr A i corresponding to this splitting. 
The form Co(k) 1S then defined onMxc ®(k) by 



ti{K){v[X[,W[\]) ■= -( J L, w o)((°i v )> 



where v £ T Vm O^K) satisfies Txir^ (0, v) = -P[ A ](f[ A ]) and analogously for w. This 
is well defined due to the G-invariance of the form J*~ ujt,. Next, consider the 

basic form (from equation (|5.7ji ) on M x O(k), d ^Jo (fc) j — ^o- We need 
to show that 



(5.8) ir* (K) (($,(7V/Gfop)*fl)-W(JC)) = d ( J a Cif) M)+Jd (K) a; 0- 



Fix a point A := ((cc[ m ] , m), v m ) £ M x O(k). We consider three types of tangent 
vectors at this point: (/i( Q[TO] , m ), 0), £mxo (k) (^)' an< ^ (0> u ) where /i( Q[m] , m ) is a 
horizontal vector at T^ a ,, m ^M relative to A, £ £ g and zt € r^O^. We prove 
equation (|5.8|) by checking equality on all six pairs of these types of tangent vectors. 
Note that on vectors of the form £,^ Ix q (A) both sides of equation (|5.8[) are zero: 
trivially for the left hand side, and for the right hand side, by equation (|5.7p . 
Therefore it will suffice to verify equation (|5.8p on the three types of pairs generated 
by types (/i( am!m ),0) and (0,u), which we call horizontal and momentum vectors 
respectively. 

Horizontal, Horizontal. Consider the pair (ui, 0), («2, 0) £ T\(M x O(k)) where 
iii is a horizontal vector on M at the point (a[ m ],m) and Ui := T( a m ^f(iii) £ 
T m M. We use the notational convention that an upper case letter is a vector field 
that extends the lower case tangent vector. Extend these vectors to vector fields 
{Ui, 0) where Ui is a horizontal vector field on M, so that the extended vector fields 
are given by [Ui,0)({oi[ m ],m),v m ) = (Ui(ct[ m ],rn),0). Denoting by tTj the uniquely 
defined f -related horizontal vector fields on M given by Tf o f/^ = £/j o r, we then 
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have, 



= 0) ((j 6(K) , A) 02, 0)) (A) - (U 2 , 0) , i) (LTi, 0)) (A) 

([(&!, 0),(17 2 ,0)]) (A) 
5(K) ,^)([(f/ 1 ,0) ) ([/ 2 ,0)]) (A) 
= - ^m,-4 ([£7i, U 2 ]j (a [m ],m)^ 

= -^ ro ,^l(Tf[C/ 1 ,^2]) (a H ,m)) =-^ ro ,^l([C/ 1 ,C/ 2 ])(m)) 
= (u m ,B(u 1 ,u 2 )) , 

where we have used the fact that Tf o Ui — [/, of, so that Tf o [J7i, E/2] = 
[Ui, U2] ° T, and also the definition of the curvature of the singular connection in 
the final equality. 

We now compute the left hand side of equation (|5.8p on the horizontal vectors, 



T(jo (($>(wj°p)*b)) ((fii,0),(«2,0)) = 

= ([m,2^ m ], (r M/G o p)*B(Tx7T( K )(5i, 0), T A 7r( K )(u 2 , 0))) 

= ( [m, i/ m ], B(T m TT o Ti f o T A 7r^(ui, 0), (T m 7r o T( a[m]im )f o Ta7t^(u2, 0)n 

= (V m , S(T m 7r o T( a[m]im) f (ui), T m vr o T (a[m]im )f (u 2 ))\ 
= (i/ m ,B(T TO 7r(ui),T m 7r(u 2 ))) = (f m , -B(ui, u 2 )) , 

agreeing with the right hand side. 

Momentum, Momentum. By definition of the form &(k) we have, for (0, v), (0, w) <E 

T X {M x 6 {K) ), 

tt ( V) (($,(r Af/G op)'gJ>-w w ) ((0,u),(0,u>)) = -ttI k) ui (k) ((0,v),(0,w)) 

= ( d { J 6 lK) > A )+r &m u;+) ((0, «),(<), 

The first equality holds since Txtt^^O, v) is in the kernel of T[ X ]P- The second 
equality holds by definition of the form W(at) and last follows by extending (0, v) 
and (0, w) to vector fields (0, V), (0, W) where V and W are vector fields on O^x) 
and then using the fact that the bracket of these fields is just (0, [V, W}). 
Horizontal, Momentum. On a pair of mixed vectors, both sides of equation 
(|5.8p vanish since horizontal vector fields commute with momentum vector fields. 
We have now proven equation (|5.8p . and therefore by equation (|5.4|) . the theorem 
follows. 

□ 
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6. The Poisson stratification 

In this section we compute the Poisson stratification of the reduced Poisson 
Sternberg space S = M xq v* , and we write down the reduced gauge bracket on 
each of the Poisson strata. 

Following the setup of Section 5, the G-equivariant symplectomorphim tpA de- 
scends to a stratified isomorphism : S — > (T*M)/G. Since S is a quotient of 
a smooth manifold by a proper group action, it has a natural stratification with 
strata = (M x v*) (K) /G. Since M is a single orbit type manifold, the orbit 
types of the pre-quotiented space correspond to the orbit types of the total space 
of the bundle i/*, which were shown, in the proof of Theorem^ to be in one-to-one 
correspondence with the isotropy lattice for the action H x f)° — > f)°. Therefore the 
strata of S are given by 

S W =Mx Gl / ( * K) . 

Moreover, since M x v* is a symplectic manifold with symplectic structure 
0^WM,it follows from the general theory that the orbit type strata of S are actu- 
ally Poisson, the Poisson structure coming from singular reduction. The symplectic 
leaves of these Poisson structures are exactly the manifolds M x G O(k) equipped 
with the minimal coupling forms to^l^ of Theorem [JJ Instead of using the theory 
of singular reduction to compute the reduced Poisson brackets on the strata S W , 
in Theorem [8] we will postulate these brackets and then verify that they actually 
produce the minimal symplectic foliation of Theorem [JJ By the uniqueness of the 
symplectic foliation of a Poisson manifold it follows that the postulated brackets 
are actually the reduced gauge Poisson brackets. 

Theorem 8. Let s = [(ckm, x), fi x ] 6 S^ K ', where without loss of generality we have 
chosen G x = H and = K. Let f,g G C°°(S^ K '). Then the reduced Poisson 
structure on is given by 

{f,9}sm(s) = %/ G (a H ) (d s A f(s)t,d s A g(s)t) + ([^},B(a [x] )(d s A f(s)t,d s A g(s 



- \fJ-x, 

where the sharp operator in the first term is with respect to uj ai iq and the covariant 
derivative is computed using the singular connection as in equation (|2.ip for the 
regular case. In the second term, B — t^, g B where B is the reduced curvature of 
the singular connection, A. For the third term, f is the restriction of f to the fiber 
°f y (K)IG a t i x ]' w hich is isomorphic to t)° K ^/H, and f is a H -invariant extension 
to g* of the lift of f to fy?Ky Note that the last term is simply a (— ) homogeneous 
Lie-Poisson bracket 

if, 9}(K)([fJ>x]) 

on the fiber of v^ K ^/G at [x] as introduced in Section 3, in equation (|3.1|) . 

Proof. Since S^ K - 1 is Poisson, the theorem is proved if for any pair f,g € C°°(S^) 
and seMx G 6 {K) C S^ K \ {f,g} sm (s) = u£:<* \x f (s), X g (s)), where X,,X g 
are the Hamiltonian vector fields associated to the restrictions of / and g to M xq 
(K) . Let U = O x R™ be a trivializing neighborhood of T*(M/G) and shrink O 
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and K™ if necessary so that is trivialized over U like S { *> = U x t)° {K) /H. 

If x*, pi, i = 1 , . . . , n are bundle coordinates on U we will consider the family 
of functions x % , Pi and / € C°° (f)? K -, / H) , whose differentials span the cotangent 

bundle of £ W at any point of £[/ C . 

Let (a; 1 , . . . , x n , g 1 , . . . , g k ) be local coordinates on M over O and j4|, i = 1, . . . , n+ 
k, I = 1, . . . , k the components of the connection A. The local coordinates {g 1 } on 
G are chosen in a way that A(d„i ) = where {£i, . . . , is a basis for g for which, 
for r < k, {£i, . . . , £ r } is a basis for g K . Then the horizontal lift of a local vector 
field d x i on O is d x i — A\d g i . 

Therefore, we have hor s (&,.;) = d x i and hor s (d Pi ) = d Pi . Consequently we obtain 

d^x l (s) — dx 1 
djPi(s) = dpi 
dj/(s) - 

Since in this trivialization ujm/g ' IS given by dx % A dpi it follows that 

d^(s)» = -d pt 
dtpi(a)t = d xi 
d|/( S )» = 0. 

Next, linear coordinates for g* with respect to the dual basis {£i, . . . are 
given by {/ii, . . . , p, k }. Let Bf^ i,j = 1, . . . ,n, a = r + 1, . . . , k 

be the local expression for the components of B, the reduced curvature of A. 
Then the local expressions for the bracket in the statement of the theorem are 
given by 



{x\Pj}(s) 
{PhPj}(s) 
{x\xi}{s) 
(6-1) {x\f}(s) 

This is easily checked to define a Poisson tensor. The only point that requires 
a straightforward calculation is to check the Jacobi identity on a bracket of type 
{Pi i {Pj i Pk } } ■ But, since the singular curvature satisfies the Bianchi identity (see 
Remark [3]), it follows that the two-form ([(i],B) is closed which implies Jacobi. 
Antisymmetry is implied by the antisymmetry of the reduced curvature form. 

Note that the last expression is nothing but the homogeneous Lie- Poisson bracket 
of Section 3, and that it restricts on each momentum fiber of M Xg over 
T*(M/G) to the homogeneous reduced symplectic form in (|3.2|) . 

We now compute the Hamiltonian vector fields on a given typical symplectic leaf 
M x q Oik) with respect to w^-^^ , &s well as the Poisson structure on these leaves 
induced by cu®',^ . 

J mm 

It easily follows from Theorem [7] that in our local coordinates, 
w min = A dpi — HaB°!j dx % A dx j + Q^x) > i, j — I, ■ ■ ■ ,n, a = r + 1, . . . k. 
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From here, we immediately obtain the associated Hamiltonian vector fields 

X x i — —d Pi 

X Pi = d x i — (j, a Bf. dp j 

for i, j — l,...,n, a = r + 1, . . . k. If / 6 C°°{^ K ^/H), we denote also by / its 

restriction to O^/H, the typical fiber of the fibrationp : M x g O( K ) — > T*(M/G). 
Then Xf is defined by 

&(K)(Xf, ■) = df. 
From these local expressions it is now clear that 

u>Zi K \x xi ,x xi ) = 

W min \X pi ,X pj ) = -[l a B C ^= HaBfj 

uZi K \x xi ,x f ) = 

^i K \x Pi ,x f ) = 

uZi K \ x f> x g) = u {K) {X f ,X g ) = {f,g} iK)lAxG6(K) 
which agree with (|6.1| by (|3.ip and the discussion of Section 3. □ 
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